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ABSITOACT 


This  paper  presants  the  resolution  of  so“Galled  thermodynamic 
paradox,  which  was  first  pointed  out  by  lax  and  Button.  It  is 
Shown  that  the  Bresler's  resolution  is  insufficient>  and  there 
can  exist  a  single  unidirectional  mode  in  a  lossless  medium.  The 
Poynting  theorem  is  investigated  for  a  discontinuity  in  the  one-way 
system,  and  the  solution  is  shewn  to  e^ibit  a  marked  discontinuity 
depending  on  whether  conductivity  is  zero  or  approaches  zero* 

It  is  shown  that  Maxwell's  eq^uations  with  completely  lossless 
medium  which  leads  to  thermodynamic  paradox  is  in  fact  "improperly- 
posed  problem,"  which  does  not  correspond  to  physical  reality. 


1.  Introduetion 

The  first  dne*-way  transmission  systam  was  proposad  by  Lord 
iRaylaigh  |~190lJ  ^Hogan*  1956^  using  the  Faraday  rotation  in  an 
optical  systam.  Since  than,  through  the  work  of  MeMiilian 
^l946jj  Game  ^1959]  and  others  [^Garlin,  1954^*  it  is  wali- 
astablished  from  general  anargy  considerations  that  the  ona~way 
transmission  systam  must  include  resistive  elamants. 

In  1955a  however.  Lax  and  Button  ^1955«  1956J  pointed  out 
the  possibility  of  exlstanca  of  one-way  propagating  mode  in  a 
lossless  ferrite  loaded  waveguide,  thus  apparently  violating  the 
basic  laws  of  thermodynamics.  In  an  attempt  to  resolve  this  so- 
called  "thermodynamic  paradox”,  it  was  argued  that  the  power 
flow  in  reverse  direction  takes  place  via  cut-off  modes  Kales, 
1956^.  That  this  does  not  provide  a  satisfactory  resolution  was 
shown  by  Bresler  |^196oJ  and  Seidel  [^1959^.  At  present,  there  are 
two  schools  of  thought  on  the  resolution  of  this  paradox.  One 
approach  Seidel,  1957^  is  that  a  lossless  ferrite  medium  possesses 
an  "intrinsic  loss"  based  on  a  consideration  of  the  atomic  model 
from  which  the  ferrite  properties  are  deduced.  The  other  approach 
was  advanced  by  Bresler  |^196oJ,  in  which  he  rejected  the  intrinsic 
loss  approach,  and  on  the  basis  of  the  lossless  permeability 
diadic,  he  showed  that  while  a  single  unidirectional  mode  is 
Obtained  for  the  ferrite  slab  placed  at  the  guide  wall,  if  a  gap 
of  width  d  between  the  ferrite  and  the  wall  were  considered*  the 
different  secular  equation  results,  and  in  the  limit  d  ^  Q,  there 
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are  always  ah  even  number  of  propagating  modes,  half  of  which  are 
the  forward  waves  and  the  other  half  the  backv/ard  waves.  Thus, 
Dresler  stated  that  this,  clears  the  way  for  the  resdlution  of  the 
thermodynamic  paradox. 

This  paper  first  shows  that  the  Bresler’s  resolution  is  not 
valid  for  the  general  ease  of  a  single  unidirectional  propagating 
mode.  There  exists  a  unidirectional  mode  in  a  lossless  medium. 

In  order  to  resolve  this  thermodynamic  paradox,  we  first 
note  that  there  is  no  thermodynamic  difficulties  involved  in  an 
infinite  lossless  system,  and  that  the  difficulty  occurs  only 
when  there  is  some  discontinuities  in  the  waveguide,  which  include 
input  and  output  terminations. 

Next,  the  Poynting  theorem  is  studied  in  deteil,  in  particular, 
its  integral  form  for  the  Caae  of  one-way  system  terminatted  with 
a  lossless  short.  It  is  shown  that  the  solution  and  the  power 
relation  show  a  marked  discontinuity  whether  conductivity  ie  zero 
or  approaches  zero. 

From  this  discontinuous  behavior,  it  is  shown  that  the 
Maxwell's  equations  with  conductivity  approaching  zero  is  "Properly^ 
posed  problem”  which  corresppnda  to  physical  reality  and  which 
satisfies  three  basic  requirements.  On  the  other  hand,  the  Maxwell's 
equatione  with  zero  conductivity  is  "Improperly^pesed  problem" 
which  does  not  correspond  to  physical  reality  and  aatisfies  only 
two  of  the  three  basic  requirements. 

Thus,  the  thermodynamic  paradox  is  resolved  by  stating  that 
only  "Iiiproperiy»posfd  problam”  praaenta  any  tharmodynamie 
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difficulties,  and  if  the  problem  is  properly-posed,  there  is  no 
thermodynamiG  difficulty. 

2.  Bresler^s  .Modes  and  the  Fxistehce  of^  J^SiMle  UnldirectiQn--Mode 
In  this  section,  it  is  shown  that  the  discontinuous  behavior 
of  the  solution  discussed  by  Sfesler  is  not  valid  for  the  general 
case  of  a  single  unidirectional  mode,  and  a  single  unidirectional 
inode  can  exist  in  a  lossless  medium. 

Instead  of  the  ferrite  loaded  waveguide,  a  simpler  model 
shown  in  Fig.  1  is  Chosen  to  illustrate  the  point. 

Consider  a  semi-infinite  lossless  ferrite  region  y  >  d  which 
is  bounded  by  an  air  gap  d  >  y  >  0  and  an  electric  wall  at  y  ^  0. 
The  de  magnetic  field  is  directed  in  z  direction  and  it  is  assumed 
that  the  geometry  and  the  field  quantities  are  independent  of  z 
coordinate.  The  permeability  tensor  is  giyen  by 


where 
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A  +  1  s  0  (3) 

«K  ey^  ^  * 


where 


2^.2,  viLus! 


V  ^  "f 


H^  is  given  in  terms  of 


where 


A 

8y 


HA. 

^  8x 


(4) 


Now«  matching  the  tangential  electric  field  H.  and  the  magnetic 
field  at  the  boundaries*  we  obtain  a  secular  equation 


"Jk-  +  ^ 
fy  i* 


k  s?  — *• 


tan 


"y'' 


(5) 


where  k  is  a  propagation  constant  in  x  direction*  and  k  and 
^  y 

are  propagation  constant  in  y  direction  in  air  and  in  ferrite 
respectively.  For  comparison*  let  us  consider  the  same  problem 
with  a  magnetic  wall  at  y  ^  0,  Then*  the  secular  equation  is 


\i  X 


tan  ky  d 


(6) 


First*  we  notice  from  (5)  that  when  d  ?  0*  the  right  hand 
side  becomes  infinite*  and  there  is  no  solution.  However*  the 
solution  of  (6)  exhibits  a  continuous  behavior  irrespective  of 
whether  d  n  0  or  d  ^  0, 
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Thii  sane  ^;itu.-3tlor  takes  flace  when  a  losslesK  {lasna  Is 
hounded  by  an  air  gap  nnd  an  elacti^ie  wall.  It  can  be  shown 
that  in  a  frocjuency  range 

JZ^TZ^  <  u  <  u/  +  uj  (*?) 

where  u  is  plasma  frequency  and  u  is  cyclotron  frequency«  a 
p  c 

unidiiectlonal  surface  wave  can  prupagate  in  a  lossless  opaque 
plasma  r lshifflaru«  1961  arid  1962^.  In  this  range  the  dielectric 
constant  is  negative*  and  the  plasma  is  opaque*  thus*  there  is  ho 
radiation  power.  In  such  a  case*  the  only  power  flow  is  by  means 
of  a  single  unidirectional  surface  wave  mode  without  being 
accompanied  by  any  backward  waves. 

It  is  important  to  note  that  this  single  unidiractional  wave 
mode  is  a  surface  wave  type  mode*  which  means  that  the  field  decays 
exponentially  in  transverse  direction.  As  will  be  snown  later* 
this  behavior  is  important  in  the  discussion  of  the  thermodynamic 
paradox. 

3.  Poyntinq  Theorem  and  Thermodynamic  Paradox 

In  tha  previous  section*  it  was  shown  that  a  unidirectional 
surface  wave  can  exist  in  a  lossless  medium. 

We  note*  first  of  all*  that  no  thermodynamic  paradox  occurs 
for  an  infinite  uniform  (or  endless)  lossleas  one  way  system. 

For  example,  an  infinite  lossless  waveguide  which  carries  the  one*' 
way  mode  does  not  violate  any  thermodynamic  law,  because  an  energy 
is  being  transferred  from  minus  infinity  to  plus  irifinity  end 
there  is  no  spuree  or  load  idiich  may  be  cool ad  or  heatad.  lha 


sane  ean  be  said  about  a  ring  type  waveguide  which  propagates  a 
one-v-ay  rpcde. 

Tron  the  above  considerations,  we  note  that  the  so-called 
thermodynanic  paradox  occurs  only  when  there  is  some  discontinuities 
in  the  waveguide.  The  energy  consideration  which  lead  to  McMil lien's 
OGncluslon  of  resistive  elements  In  the  one-way  system  was  based 
on  the  fact  that  the  system  Is  terminated  at  both  input  and 
output  ends  where  the  Voltage  or  Current  can  be  specified.  This 
is  only  possible  when  there  is  some  discontinuities  in  the  system. 

Since  there  must  be  dlscontinaity  in  the  waveguide  In  order 
for  the  thermodynamic  difficulty  to  occur*  let  us  consider  a 
typical  problem  of  termin.iting  the  one-way  system  by  a  lossless 
short  circuit.  This  is  shown  in  Fig.  2,  In  order  to  investigate 
this  problem,  it  Is  necessary  to  examine  the  Poyhting  theorem. 

From  the  Maxwell's  equations,  we  get 

V  •  E  X  H  -  jw  1^1  »  P  -  H  ^  bJ 

Taking  the  volume  integral  of  the  both  sides  of  the  equation,  we  get 


J  i  X  H*  •  dS  -  ju  [e  .  P*  -  H*  »  b]  dV 


(8) 


provided  that  such  an  integral  exists. 

It  is  significant  to  note  that  this  well  known  integral  form 
is  valid  only  when  the  integration  can  be  performed  to  yield  a 
finite  value. 

Let  us  first  recognize  that  for  the  case  of  lossless  medium, 
p  and  e  are  Hermitian,  and  thus  the  integrand  in  the  right  side  of 
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(8)  is  pure  imaginary  as  is  well  known.  We  note  first  the  apparent 
difficulty  associated  with  this  problem.  From  the  integral  form  of 
Poynting  theorem,  provided  that  this  form  i:,  valid,  the  left  side 
of  (8)  has  a  real  part  representing  the  real  power  carried  by  the 
ohe~way  mode.  The  right  hand  side,  however,  has  the  pure  imaginary 
integrand,  and  it  appears  that  the  integral  may  alio  he  pure 
imaginary.  Thus,  the  real  power  carried  by  the  one~way  inocie  must 
be  equal  to  the  imaginary  power,  which  is  GonlradiG tory. 

To  investigate  this  difficulty  more  closely,  let  us  consider  a 
simple  example. 

Let  us  consider  an  opaque  plasma  bounded  by  an  electric  wall 
as  shown  in  Fig.  3*  The  one-way  surfacfi  wave  mode  propagates 
towards  the  right.  Suppose  that  the  magnetic  wall  is  placed  as 
shown,  which  does  not  support  the  propagating  mode.  Thus,  the  real 
power  carried  by  the  one-way  mode  is  being  stopped  by  e  lossless 
wall. 


First,  consider  the  behavior  of  the  field  components  near  this 


corner.  satisfies  the  wave  equation. 

The  boundary  condition  on  the  electric  wall  is 

H,*o, 

The  boundary  condition  on  magnetic  wall  is 


(9) 


(10) 


H 


r 


=  0 


(ID 


The  dielectric  tensor  of  the  plasma  is  given  by 


(12) 
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then*  the  flrat  dominant  term  of  ie 

=  p'^  sin  v0»  V  0  (18) 

From  the  boundary  condition^ 

tan 

Since  |xl  >  1*  there  is  at  least  One  root  of  (19)  which  is 
pure  ima^inary4  this  imaginary  root  represents  the  exponential 
decay  in  transverse  direction  and  this  corresponds  to  the  one^Hvay 
mode.  The  other  field  components  are 

i.  =  p^  ^  v(cos  +  JX  sin  vj2f) 

^  ''0^  cos  v0  -  Sin  yi0) 

^p  "  ju  '' 

^0^  'Ju  P''^"  '' 

Let  us  calculate  the  right  hand  integral  of  (8). 

f  jw  E  •  D*  dV 
-V 

*  ''*)  Ppf  °  0^  cos  "vff 

*  sin  vjf)  sin  vV  Pff  (21) 

Firsts  we  note  that  if  the  medium  and  the  boundaries  are 

« 

completely  lossless,  v  is  pure  imaginary,  and  thus,  y  *  v  w  o. 
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Hoiwtver*  the  Integrand  contains  ^  which  becomes  p”^.  Thus* 

this  integrand  is  indeterminate*  and  moreover  this  integral  is 
not  defined  because  the  behavior  of  the  Integrand  at  p  *  0 
cannot  be  definitely  known. 

However*  if  the  integration  is  performed  before  the  medium  is 
allowed  to  become  lossless*  then 

f  ju  E  •  D*  dV 

’’v 

•  ^  •  rClO  VjZf- 

*>£“<>  2  •*»  ♦  “•  'A’ 

sinh  v.J^  ^ 

+  eifih  -  cosh  (22) 

provided  that  v  +  v*  >  0*  and  v  «  v^  +  Jv..  As  the  medium  becomes 

r  I 

lossless*  Vj,  0. 

Thus 

4  1*0  <«' 

The  left  side  of  the  integral  of  (8)  is 

f  i  X  H*  ■  dS 

“S 

e  —sin  v_0 

■  p’*’  2  ’A  *  ’A* 

sinh  _ 
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irrespective  of  wh>>ther  v  is  real,  imaginary  or  eomplex.  The  above 
results  can  be  summarized  as  follows: 

The  power  relation  represented  by  the  integral  form  cf  the 
Poynting  theorem  shows  a  marked  discontinuous  behavior  depending 
on  whether  the  conductivity  of  dielectric  medium  and  the  resistivity 
of  conductor  is  zero  or  approaches  zero,  i.e. ,  0  *0,  l/o  »  0  or 
d  -•  0,  1/d  ••  0. 

In  terms  of  the  integrals  in  (8),  these  two  cases  correspond 
to  the  integration  being  performed  after  or  before  d(and  l/d)  is 
allowed  to  become  zero. 

The  left  side  of  (8) 

fix  H*  *  dS 

‘'s 

yields  the  real  power,  irrespective  of  whether  integration  is 
performed  before  or  after  the  limit  d  ^  0, 


11m  f  E  X  H* 
dO  '^S 


dS  ■  r  lim  f 

I  X  H*] 

’’Sd-K)  ■ 

J 

dS 


3 


real 


(25) 


However,  the  right  side  of  (8)  is  not  defined  if  the  limit 
is  taken  before  the  integration,  and  this  is  the  case  which  yields 
the  thermodynamic  difficulty.  If  the  limit  is  taken  after  the 
integration,  this  yields  the  same  result  as  (25)  and  there  is  no 
difficulty  associated  with  the  power.  It  may  be  interesting  to 
note  that  even  though  the  integrand  of  the  right  side  of  (8)  is 
pure  imaginary  for  lossless  medium,  when  the  integration  is 
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pe^for^ed  before  the  limit  r  -•  0  is  taken,  then  the  limit  is  purely 
real  representing  the  real  power  dissipation. 


V  ^ 

lim  f  j<i»(E  •  D*  -  H*  •  B)  dv  *  real  (26) 

J  lim  ju  (E  •  D*  -  M*  *  B)  dv  =  Not  defined  (27) 

V 

4.  Resol uti on -Qf-Ther(iiQdvnimic  Paradox 

In  the  preceding  section,  it  was  shown  that  the  solution  of 
Maxwell's  equations  show  a  remarkable  discontinuity  at  o  -  0 
for  dielectric  and  l/o  »  0  for  conductor.  It  was  shown  that  if 
a  -  0  and  i/d’  s  0,  then  the  integral  form  of  Poynting  theorem  is 
not  valid,  and,  therefore,  the  power  relations  cannot  be  meaning¬ 
fully  discussed.  Also,  this  Case  leads  to  so-called  thermodynamic 
paradox.  On  the  other  hand,  if  d  and  l/d  are  allowed  to  approach 
zero,  then  the  Poynting  theorem  is  valid  and  there  is  no 
thermodynamic  difficulty. 

Our  problem  is  to  investigate  why  one  solution  of  Maxwell's 
equations,  namely  the  case  d  ?  Q,  l/d  ~  0,  yields  such  difficulties, 
while  the  other  solution,  d  0  and  l/d  0,  offers  no  difficulty 
at  all. 

We  may  be  tempted  to  say  that  the  latter  is  because  of  its 
intrinsic  loss  as  was  proposed  by  Seidel.  However,  we  do  not 
wish  to  rely  on  the  intrinsic  loss  idea.  We  wish  to  resolve  this 
difficulty  within  the  framework  of  Maxwell's  equation  itself,  as 
was  advocated  by  Bresler.  In  other  words,  we  wish  to  choose  one 
of  the  two  solutions,  purely  on  the  basis  of  mathematical  problems. 


f 


¥ 

<- 

?. 
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Mdthout  •mploylng  the  idea  of  atomic  model  or  the  intrinsic  loss. 

In  order  to  do  this*  it  is  first  necessary  to  investigate 
what  must  be  the  requirements  of  the  mathematical  problems  if 
this  problem  is  to  correspond  to  physical  reality.  These 
requirements  are  explored  by  Courant  |^1962j.  In  general*  there 
are  three  requirements  which  a  mathematical  problem  should 
satisfy: 

They  are: 

(1)  The  solution  must  exists. 

(2)  The  solution  must  be  uniquely  determined. 

(j)  The  solution  should  depend  continuously  on  the  data. 

The  last  requirement  is  most  important  for  our  discussion.  This 
requirement  is  necessary  if  this  mathematical  problem  is  to  describe 
natural  phenomena.  The  data  such  as  time*  space  coordinate*  angle* 
dielectric  constant*  permeability*  conductivity*  etc.*  can  only  be 
given  within  a  certain  margin*  and  these  data  cannot  be  measured 
without  a  certain  amount  of  error.  Therefore*  for  a  small 
variation  of  the  data*  the  variation  of  the  solution  must  be  also 
small  if  this  problem  is  to  describe  physical  phenomena. 

The  mathematical  problem  which  satisfies  these  three  require^ 
ments  is  called  "Properly^posed  problem"*  while  the  problem  whose 
solution  exists  and  is  uniquely  determined*  but  does  not  continuous- 
sly  depend  on  the  data*  is  called  " Improperly ^posed  problem". 

From  this  consideration*  it  is  now  possible  to  clearly  resolve 
the  thermodynamic  paradox. 

We  note  that  the  solution  shows  a  sharp  discontinuity  at 
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c  =  0  and  i/o  =  0.  Thus*  the  Maxv/ell’s  equation  f^r  purely  lossless 
medium  conetitutes  "Impropexly-poseJ  problem",  which  cimply  does  not 
correspond  to  physical  reality.  This  is  why  this  lossless  case 
leads  to  so-called  "thermodynamic  paradox*,  which  doei;  not  exist 
in  reality. 

On  the  other  hand,  the  Maxwell’s  equation  with  medium  whose 
conductivity  approaches  zero,  constitutes  "Properly-posed  problem", 
and  indeed  there  is  no  thermodynamic  difficulties  involved. 

5.  Some  Related  Problems 

It  may  be  interesting  to  note  that  the  idea  of  "Improperly- 
posed  problem"  may  be  applicable  to  other  physical  problem^.. 

For  example,  the  edge  conditicn  in  a  usual  sense  f  teins,  1955J, 
which  states  that  the  energy  in  any  small  volume  containing  the 
edge  should  be  finite,  is  meaningless  In  the  problem  discussed  in 
the  previous  section.  Instead,  the  condition  should  be  stated  as 

lim  r  (c  •  D*  +  H*  •  B)  dV  *  finite.  (28) 

0-^ 

Felsen  |^1959j  observed  that,  in  the  case  of  wedge  with  linearly 
varying  impedance,  the  edge  condition  is  apparently  violated  unless 
a  smsll  loss  is  Introduced.  This  is  in  fact  the  same  situation, 
and  the  above  edge  condition  should  be  employed. 

Another  situation  Is  Fourier  transform  applied  to  physical 
problems.  In  order  for  Fourier  transform  to  be  valid,  it  is 
necessary  to  assume  that  the  wave  number  M  has  a  small  imaginary 
part..  This  is  also  an  exar^le  of  "Proper ly-pp sad  problem". 
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1  Unidirectional  wave  in  anisotropic  medium  bounded  by 
an  electric  or  magnetic  wall. 


Figure  2 


Poynting  theorem  applied  to  a  one*'Way  eyetem  tenninated 
by  a  Ipeelese  short. 


18^ 


Figur*  3  Unidirectional  wave  along  an  eleetrle  wall  terainatad  bgr 


a  magnetic  wall 
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